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Abstract. A Bose-Einstein condensate may be prepared in a harmonic trap with negligible interatomic
interactions using a Feshbach resonance. If a strong repulsive interatomic interaction is switched on and
the trap is removed to let the condensate evolve freely, a time dependent quantum interference pattern
takes place in the short time (Thomas-Fermi) regime, in which the number of peaks of the momentum
distribution increases one by one, whereas the spatial density barely changes. The effect is stable for initial
states with interactions and realistic time-dependence of the scattering length.

PACS. 03.75.-b Matter waves – 03.75.Kk Dynamic properties of condensates; collective and hydrodynamic
excitations, superfluid flow – 03.75.Nt Other Bose-Einstein condensation phenomena

1 Introduction

The dynamics of Bose-Einstein condensates has been
much studied, both experimentally and theoretically, for
determining the properties of the condensate and its trans-
port behaviour in waveguides or free space with poten-
tial applications in nonlinear atom optics, atom chips and
interferometry. Fully free (three dimensional) or dimen-
sionally constrained expansions have in particular been
subjected to close scrutiny to obtain, from time series of
cloud images and the appropriate theoretical models, in-
formation on the condensate and its confining potentials
[1]. In reduced dimensions, the expansions have also been
examined to characterise and identify different dynamical
regimes (the mean-field dominated Thomas-Fermi limit,
quasi-condensates and the dilute Tonks-Girardeau gas of
impenetrable bosons [2–5]), or to investigate statistical
behaviour in a partial release of the condensate into a
box of finite size [6]. An effectively one dimensional (1D)
Bose gas may be realized experimentally by a tight con-
finement of the atomic cloud in two (radial) dimensions
and a weak confinement in the axial direction so that ra-
dial motion is constrained to the ground transversal state.
Expansions are quite generally described and observed in
coordinate space but very interesting phenomena occur
in momentum space [7,8]. Also interferences, which show
the wave nature of the condensate and may form the basis
of metrological applications, are usually apparent in coor-
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dinate space, between independent condensates [9] or as
a self-interference [10], but, as in our present case, they
may be genuinely momentum space effects, possibly with
an indirect and less obvious spatial manifestation. (Other
striking example of quantum momentum-space interfer-
ence phenomenon for an ordinary, non-condensate, one-
particle wavefunction colliding with a barrier has been dis-
cussed recently [11].) The expansions may be manipulated
in different ways, e.g. by controlling the time dependence
and shape of the external trapping potentials or by varying
the interatomic interaction using a magnetically tunable
Feshbach resonance [12] or an optically induced Feshbach
resonance [13].

In this paper we shall take advantage of these control
possibilities and study a quantum interference effect in
momentum originating from a change of the interatomic
interaction strength. In Section 2 we describe the effect in
1D, in Section 3 its origin, and its stability is discussed
in Section 4. Since quasi-one-dimensional condensates in
elongated traps can show significant phase fluctuations —
due to thermal excitations of the condensate, even at low
temperatures [3,14,15] — one has to make sure that these
fluctuations can be neglected in an experimental imple-
mentation. Alternatively, the momentum interference ef-
fect may be implemented in three dimensions; this is con-
sidered in Section 5. The paper will end with a summary.

2 Momentum interference pattern

Assume that an effectively 1D Bose-Einstein condensate
is prepared in a harmonic trap. The condensate wave
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Fig. 1. Wave function in momentum space; exact result
|ψ̂(t, v)|2 (lines), TF approximation |ψ̂TF (t, v)|2 (crosses), clas-
sical result P (t, v) (dashed lines); (a) t = 0, (b) t = 0.2 ms, (c)
t = 0.4 ms, (d) t = 0.6 ms.

function is the ground state of the 1D (stationary) Gross-
Pitaevskii equation. We shall assume first that the initial
interatomic interaction is zero (this will be relaxed later
on). Then the Gross-Pitaevskii equation becomes a linear
Schrödinger equation so that the ground state condensate
wave function ψ0(x) is a Gaussian, namely

ψ0(x) = 4

√
mωx

π�
exp

(
−mωx

2�
x2

)
, (1)

where ωx is the axial (angular) frequency. For the rest of
the paper we choose m = mass(Na) and ωx = 5/s.

Removing the trap under these conditions would pre-
serve the momentum distribution, but if the interatomic
interaction is immediately increased as the trap is re-
moved, the momentum distribution evolution changes dra-
matically and in a highly non-classical way. If at time
t = 0 the confining trap is switched off and the inter-
atomic interaction is switched on immediately (a more
realistic switching procedure needing a finite time will be
discussed below) then the time evolution is described by
the time-dependent Gross-Pitaevskii equation,

i�
∂ψ(t, x)
∂t

= − �
2

2m
∂2ψ(t, x)
∂x2

+
�

2
g1 |ψ(t, x)|2 ψ(t, x), (2)
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Fig. 2. Velocities of the peaks of the wave function |ψ̂(t, v)|2:
g0 = 0 (solid lines), g0 = 0.002344 cm/s (dashed lines), g0 =

0.02344 cm/s (dotted lines); TF approximation |ψ̂TF (t, v)|2
(circles). In this and similar figures we always apply a thresh-
old level such that the wave function is assumed to be zero if
|ψ̂(v)|2 < 0.001 maxv′ |ψ̂(v′)|2.

where g1 is the effective 1D coupling parameter. We are
examining short times t < tc := 1/(200ωx) = 1 ms (the
factor 1/200 is arbitrary, it should be true that t� 1/ωx)
for which the absolute square of the Gaussian in equa-
tion (1) under the free evolution (i.e. Eq. (2) with g1 = 0)
is nearly not changing in coordinate space. Even with
g1 = 234.4 cm/s and for times t < 1 ms, the density profile
|ψ(t, x)|2 is nearly not changing. In contrast, during the
early stage of the 1D expansion the momentum space dis-
tribution changes substantially: a time dependent interfer-
ence occurs consisting of an orderly, one-by-one increase
of the number of peaks, see Figure 1, with

ψ̂(t, v) =
√

m

2π�

∫
dxψ(t, x) exp

(
−i vm

�
x
)
.

The peak creation can be also seen in Figure 2 (solid lines),
where the velocities of the peaks versus time are plot-
ted forming a characteristic structure where bifurcations
and creation of a new central peak follow each other. Re-
member that in the same period of time for the snapshots
shown, the exact spatial profile has barely evolved from
the initial one.

A way to make the momentum interference visible in
coordinate space is to switch off the interatomic interac-
tion again at a given time toff . Then |ψ̂(v, t)|2 remains the
same and therefore the position and number of peaks is
not changing so that the subsequent free flight maps the
momentum peaks into spatial ones. Therefore, for different
times toff a different peak pattern will appear in coordi-
nate space (see Fig. 3) (solid lines). Only the central peak
cannot be seen.

3 Origin of the interference pattern

To understand this effect better, we shall approximate
equation (2). If we neglect the kinetic energy (TF regime)
we get

i�
∂

∂t
ψTF (t, x) =

�

2
g1 |ψTF (t, x)|2 ψTF (t, x). (3)
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Fig. 3. Wave function in coordinate space; t = 40ms; ∆t = 0
(solid lines), ∆t = 0.1 ms (dashed lines); the positions of the
maxima are marked by crosses for ∆t = 0; (a) toff = 0.2ms,
(b) toff = 0.4 ms, (c) toff = 0.6 ms.

For the simple step-like time dependence used here and
for the free evolution we can write directly the solu-
tion ψTF (t, x) = ψ0(x) exp(−it g1|ψ0(x)|2/2). (For other
analytical solutions of the Gross-Pitaevskii equation for
trapped condensates with time-dependent trap parame-
ters or coupling parameter see [16–18]. These works, how-
ever, study different regimes and not the interference effect
discussed here.) In momentum space, we get

ψ̂TF (t, v) =
√

m

2π�

4

√
mωx

π�

∫
dx exp

[
− mωx

2�
x2

− i

2
g1t

√
mωx

π�
exp

(
−mωx

π�
x2

)
− i

vm

�
x

]
. (4)

Note that in the TF regime the spatial density remains
unchanged. The results for equation (4) are also plotted
in Figures 1 and 2. There is a good agreement between the
exact result and TF, and both show the same interference
behaviour. It is clear that the nonlinearity is playing a key
role in the effect.

We may compare the quantum dynamics with a sim-
ilar classical one. Let us assume an ensemble of classi-
cal particles where the probability density of initial posi-
tions and velocities is given by ρ0(x, v) = |ψ0(x)|2|ψ̂0(v)|2,
with ψ0(v) given by equation (1). The probability den-
sity is then evolved with the classical Liouville equation
with the Hamiltonian H = �

2 g1
∫
dv′ρt(x, v′), without ki-

netic term in analogy to the quantum Hamiltonian of
the TF regime, see equation (3). The solution is given
by ρt(x, v) = ρ0(x, v + αt) with α = �

2
g1
m

∂
∂x

∫
dv ρ0(x, v).

P (t, v) :=
∫
dxρt(x, v) is also plotted in Figure 1. The

classical picture provides, approximately, the outer peaks
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Fig. 4. Wave function in momentum space for v = 0: exact re-
sult |ψ̂(t, 0)|2 (lines), TF approximation |ψ̂TF (t, 0)|2 (crosses),

stationary-phase approximation |ψ̂s(t, 0)|2 (dashed line); the
filled circle marks t0.

moving outwards with time because of the release of po-
tential energy, but not the central ones, which are there-
fore associated with quantum interference. Let us examine
this interference.

Defining dimensionless quantities ζ =
√
mωx/�x,

τ =
√
mωx/� g1t, and κ =

√
m/�ωx v, we write equa-

tion (4) as

ψ̂TF (τ, κ) =
1√

2πωx

4

√
mωx

π�

×
∫

dζ exp
[
−ζ

2

2
− iτ

(
1

2
√
π
e−ζ2

+
κ

τ
ζ

)]
. (5)

An important characteristic time is the value τ0 when the
second maximum of |ψ̂TF (τ0, κ ≡ 0)|2 in the TF approxi-
mation appears (the first maximum is at τ = 0), see Fig-
ure 4. This sets the scale of the oscillations and the value
is found numerically,

τ0 ≈ 27.703 ⇒ t0 ≈ 27.703
g1

√
�

mωx
.

This time t0 should be much smaller than the critical time
tc when the kinetic energy starts to influence. Therefore
we get a necessary condition for g1,

tc =
1

200ωx
> t0 ≈ 27.703

g1

√
�

mωx

⇒ g1 > 27.703× 200

√
�ωx

m
≈ 65.12 cm/s.

We will simplify further equation (5) by means of the sta-
tionary phase method. If κ/τ is constant and τ → ∞ then
the main contribution to the integral (5) comes from the
values ζ which fulfil

∂

∂ζ

[
1

2
√
π
e−ζ2

+
κ

τ
ζ

]
= 0 ⇒ −ζ e

−ζ2

√
π

+
κ

τ
= 0.

If 0 < |κ/τ | < exp (−1/2)/
√

2π there are two solutions
ζ0, ζ1 with 0 < |ζ0| < 1/

√
2 < |ζ1|. Physically these are
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Fig. 5. Velocities of the peaks of the exact result |ψ̂|2 (lines),

the stationary-phase approximation |ψ̂s|2 (triangles); the outer
thick-dotted lines mark the critical values ±vc(t).

two positions in which the force exerted on the atom is
equal because the Gaussian profile of the potential changes
from concave-down around the centre, to concave-up in
the tails. Thus these two positions contribute to the same
momentum and the corresponding amplitudes will inter-
fere quantum mechanically. The stationary phase approx-
imation of equation (5) is

ψ̂s(τ, κ) = 4

√
mωx

�
ei π

4
1√
τωx

×

⎧⎪⎨
⎪⎩

exp
[
−iτ( e−ζ2

0

2
√

π
+ κ

τ ζ0)
]

√
1 − 2ζ2

0

− i
exp

[
−iτ( e−ζ2

1

2
√

π
+ κ

τ ζ1)
]

√
2ζ2

1 − 1

⎫⎪⎬
⎪⎭.
(6)

Figure 5 shows also the peaks of |ψ̂s(τ, κ)|2 resulting
from using equation (6) in the range 0 < |κ/τ | <

exp (−1/2)/
√

2π. Except for the outer peaks and the
κ = 0 line, equation (6) gives the correct peak behaviour.
The opening of the cone of the effect can be approximated
by the definition of a critical κc(τ) or vc(t) to make the
interference possible,

κc

τ
=

exp (−1/2)√
2π

⇒ κc(τ) =
exp (−1/2)√

2π
τ,

or vc(t) = exp (−1/2)ωxg1t/
√

2π, see also Figure 5.

4 Stability

Up to now we have considered an abrupt switching of the
interaction, but the effect remains for switching times ∆t
even of the order of t0. For a time dependent coupling
parameter given by

g(t) = g1 ×

⎧⎪⎨
⎪⎩

0 : t ≤ 0 or t ≥ toff
1 : ∆t ≤ t ≤ toff −∆t
f(t) : 0 < t < ∆t
f(toff − t) : toff −∆t < t < toff

, (7)

with f(t) = (t/∆t)2(3−2t/∆t), the result for ∆t = 0.1 ms
is shown in Figure 3: the effect is not changing qualita-
tively, only the positions of the peaks are squeezed.

We have also examined the stability with respect to a
non-zero value of the coupling constant used to prepare
the initial state, g0. The initial ground state is then no
longer a Gaussian and can only be calculated numerically.
The effect survives as long as g0 � g1 but the interference
pattern is again squeezed, see Figure 2.

5 Three-dimensional effect

The preparation of the condensate may also be carried out
in a spherical-symmetric harmonic trap V (r) = mω2r2/2.
With negligible interatomic interaction strength, the
ground state is again approximately Gaussian, namely

ψ0,3d(r) =
(mω
π�

)3/4

e−
mωr2

2� . (8)

After switching off the trap and switching on the interac-
tion g̃1, the 3D time-dependent Gross-Pitaevskii equation
is given by

i�
∂

∂t
ψ3d(t, r) = − �

2

2m
∆ψ3d +

�

2
g̃1 |ψ3d(t, r)|2 ψ3d . (9)

We assume that we can neglect the kinetic part. In this
Thomas-Fermi regime, the solution of equation (9) with
initial condition (8) is

ψ3d(t, r) = ψ0,3d(r) exp
(
− i

2
t g̃1 |ψ0,3d(r)|2

)

or in momentum representation

ψ̂3d(t,v) =
( m

2π�

)3/2
∫

d3rψ3d(t, r) e−i mv
�

r

= i
(mω
π�

)3/4
√

m

2π�

1
v

∫ ∞

−∞
dr r

× exp
[
−mω

2�
r2 − i

mv

�
r − i

2
t g̃1

(mω
π�

)3/2

e−
mω

�
r2

]
.

We introduce the dimensionless variables ζ =
√
mω/� r,

→
κ=

√
m/�ω v, and τ =

√
π (mω/π�)3/2 t and get

ψ̂3d(τ,
→
κ) =

i

2π

( m

π�ω

)3/4

× 1
κ

∫ ∞

−∞
dζ ζ exp

[
−ζ

2

2
− iκ

(
1

2
√
π
e−ζ2

+
κ

τ
ζ

)]
. (10)

Note that equation (10) has nearly the same structure of
the corresponding one-dimensional one (5). For a better
comparison of the one- and three-dimensional cases we
define the one-dimensional probability density

ρ1d(τ, κ) := 2

√
�ωx

m

∣∣∣ψ̂TF (τ, κ)
∣∣∣2

=
1

π3/2

∣∣∣∣
∫
dζ exp

[
−ζ

2

2
− iτ

(
1

2
√
π
e−ζ2

+
κ

τ
ζ

)]∣∣∣∣
2
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Fig. 6. (a) Probability densities ρ1d (dashed line) and ρ3d

(solid line) for τ = 100; (b) Velocities κ of the peaks of the
probability densities ρ1d (dashed lines) and ρ3d (solid lines).

and the three-dimensional one

ρ3d(τ, κ) :=
(

�ω

m

)3/2

× κ2

∫ 2π

0

dϕ
∫ π

0

dΘ sinΘ
∣∣∣ψ̂3d(t,

→
κ (κ, ϕ,Θ))

∣∣∣2

=
1

π3/2

∣∣∣∣
∫

dζ ζ exp
[
−ζ

2

2
− iτ

(
1

2
√
π
e−ζ2

+
κ

τ
ζ

)]∣∣∣∣
2

.

Both expressions give the probability density to measure
a velocity of absolute value κ > 0 at time τ and they are
normalised such that

∫ ∞
0 dκ ρ1d/3d(τ, κ) = 1. In Figure 6,

we compare these two functions and the velocities κ of
the peaks. It can be clearly seen that we get basically
the same interference effect, namely an orderly, one-by-
one increase of the number of peaks in the momentum
distribution. Moreover, for larger values of κ the velocities
of the maxima actually coincide in both one and three
dimensions.

6 Summary

Summarising, we have examined the short-time behaviour
of a Bose-Einstein condensate when the interatomic in-
teraction is negligible for the preparation in the harmonic
trap, and strongly increased when the potential trapping
is removed. We have found a quantum interference effect
in momentum space originated from the interatomic
interaction change. The momentum distribution expands
due to the release of mean field energy and the number of
peaks increases with time because of the interference of

two positions in coordinate space contributing to the same
momentum. The effect is stable in a parameter range and
could be observed with current technology.
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2. P. Öhberg, L. Santos, Phys. Rev. Lett. 89, 240402 (2002)
3. S. Dettmer, D. Hellweg, P. Ryytty, J.J. Arlt, W.

Ertmer, K. Sengstock, D.S. Petrov, G.V. Shlyapnikov, H.
Kreutzmann, L. Santos, M. Lewenstein, Phys. Rev. Lett.
87, 160406 (2001)

4. S. Chen, R. Egger, Phys. Rev. A 68, 063605 (2003)
5. A. del Campo, J.G. Muga, Europhys. Lett. 74, 965 (2006)
6. P. Villain, M. Lewenstein, Phys. Rev. A 62, 043601 (2000)
7. J. Stenger, S. Inouye, A.P. Chikkatur, D.M. Stamper-

Kurn, D.E. Pritchard, W. Ketterle, Phys. Rev. Lett. 82,
4569 (1999)

8. L. Pitaevskii, S. Stringari, Phys. Rev. Lett. 83, 4237 (1999)
9. M.R. Andrews, C.G. Townsend, H.-J. Miesner, D.S.

Durfee, D.M. Kurn, W. Ketterle, Science 275, 637 (1997)
10. K. Bongs, S. Burger, G. Birkl, K. Sengstock, W. Ertmer,
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